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Anisotropic Fractional Perimeters 

Monika Ludwig 



Abstract 

The anisotropic fractional s-perimeter with respect to a convex body K in M" is shown 
to converge to the anisotropic perimeter with respect to the moment body of -ftT as s ^^ 1~. 
A corresponding result is established for anisotropic fractional s-seminorms on BV{M.") 
\^ ' (generalizing results of Bourgain, Brezis & Mironescu and Davila). The minimizers of the 

anisotropic fractional s-isoperimetric inequality with respect to K are shown to converge 
to the moment body of K. Anisotropic fractional Sobolev inequalities are established. 



For a Borel set E C M" and < s < 1, the fractional s-perimeter of E is given by 

Ps{E)= I I I \;^^dxdy, 

JeJe- \x-y\''+' 

*> '■ 

j^ I where E'^ denotes the complement of E in M" and [ • j the Euclidean norm on M". Fractional 

QV ' perimeters are closely related to fractional Sobolev seminorms (see Sections and E]) . The 

^^ ■ functional Ps is an (n — s)-dimensional perimeter on Borel sets on M", as Ps{XE) = X^~'^Ps{E) 

• ! for A > 0. It is non-local in the sense that it is not determined by the behavior of i? in a 

^^ I neighborhood of dE. In recent years, s-perimeters have attracted increased attention (see, 

ff^ ■ e.g., [3|[6ti8llTT tri4lll5ll35] and the references therein). 

The limiting behavior of fractional s-perimeters as s — ?■ 1~ and s — >■ 0^ turns out to be 
very interesting. A result by Davila [lOj (see ()2ip ). which extends results by Bourgain, Brezis 
k><( ■ & Mironescu [5], shows that for a bounded Borel set E C M" of finite perimeter, 

c3: l[m(l-s)Ps{E) = anP{E), (1) 

where P{E) is the perimeter of E and an is a constant depending on n (see Ambrosio, 
De Philippis & Martinazzi [3] for results on Gamma-convergence of s-perimeters). The peri- 
meter P{E) coincides with the (n — l)-dimensional Hausdorff measure of dE when E has 
smooth boundary. If i? is a Borel set of finite Lebesgue measure, then E is of finite perimeter 
if its characteristic function 1e is in BV{W^) and then P{E) is the total variation of the weak 
gradient of 1^;. We refer to [11[30] for the basic properties of sets of finite perimeter and note 
that 

P{E)= [ \vE{x)\dH^-\x), (2) 

Jd'E 

where if"~^ denotes (n — l)-dimensional Hausdorff measure, d*E the reduced boundary of 
E and ve{x) the measure theoretic outer unit normal of -B at a; € d*E. If E has smooth 
boundary, then d*E is just the topological boundary of E and ve{x) is the usual outer unit 
normal vector of E' at x E dE. 



The limiting behavior for s — ?• 0^ of fractional Sobolev s-seminorms was determined by 
Maz'ya & Shaposhnikova |31] . Their result implies that 

lim sPs(E) =n\B\\E\, (3) 

for every bounded Borel set E C M" of finite fractional s'-perimeter for all s' S (0, 1). Here 
B is the Euclidean unit ball and | • | is the n-dimensional Lebesgue measure. See Dipierro, 
Figalli, Palatucci &: Valdinoci [llj for a detailed study of the limiting behavior in this case. 

Anisotropic perimeter is a natural generalization of the Euclidean notion of perimeter 
obtained by replacing the Euclidean norm | • | in ([2]) by an arbitrary norm |[ • \\l with unit ball 
L. We say that a set K C M" is a convex body if it is compact and convex and has non-empty 
interior. For K C M" an origin-symmetric convex body, the anisotropic perimeter of a Borel 
set E C M" with respect to K is 

p{E,K)= [ WMxynK* dx, 

Jd*E 

where K* = {v a M" : v ■ x < 1 for all x G K} is the polar body of K. If £■ is a convex 
body, then P{E, K) is equal (up to a factor n) to the classical first mixed volume of E and K 
(of. |20p32]). Anisotropic perimeters are important as a model for surface tension in the study 
of equilibrium configurations of crystals and constitute the basic model for surface energies in 
phase transitions (cf. [12j and the references therein). Anisotropic perimeters correspond to 
anisotropic Sobolev seminorms which have being studied in numerous papers (cf. pt[^ll3t[TU] 
and the references therein). 

For a Borel set E C M" and < s < 1, the anisotropic fractional s-perimeter of E with 
respect to the origin-symmetric convex body K C M" is given by 

Ps{E,K)= I I \^^dxdy, 

JeJe'= \\x-y\\K 

where || • \\k denotes the norm with unit ball K. If E is convex, anisotropic s-perimeters 
can be written with the help of mean radial bodies, which were introduced by Gardner &; 
Zhang [TB], and the limiting behavior of mean radial bodies implies the limiting behavior of 
anisotropic perimeters in this case. 

A natural question is to study the limiting behavior of anisotropic s-perimeters as s ^ 1~ 
and s — 7> 0^. While one might suspect that the limit as s — > 1~ of anisotropic s-perimeters 
with respect to the origin-symmetric convex body K is the anisotropic perimeter with respect 
to the same convex body, this turns out not to be true in general. In Section [3l we show that 
for E C M" a bounded Borel set of finite perimeter 

lim {l-s)Ps{E,K) = P{E,ZK). 
Here the convex body ZK is the moment body of K, that is the convex body such that 

II II ^^ + 1 /l M 

\\V\\7*K = / \V-X\dX 

II HZ A 2 y^i I 

for V € M", where Z*K is the polar body of ZK. For the Euclidean s-perimeter and the 
Euclidean unit ball B, the convex body ZB is just a multiple of B. Hence we recover ([1]) 
including the value of the constant a„- 



The moment body is closely related to the classical centroid body of K, which is defined 
as 

{n + l)\K\ 

If we intersect the origin-symmetric convex body K by halfspaces orthogonal to n € 5""^, 
then the centroids of these intersections trace out the boundary of twice the centroid body of 
K, which explains the name centroid body. The name moment body comes from the fact that 
the moment vectors of these halfspaces trace out the boundary (of a constant multiple) of Z K. 
Centroid bodies play an important role within the affine geometry of convex bodies (cf. [1326]) 
and moment bodies within the theory of valuations on convex bodies (see |2ip24p25j ). Centroid 
bodies have found powerful extensions within the L^ Brunn Minkowski theory, the asymmetric 
L'P Brunn Minkowski theory and the Orlicz Brunn Minkowski theory |22 p 24 t[27Vl29j . 
In Section [3l we show that for E C M" a bounded Borel set of finite perimeter, 

lim sPs(E,K) = n|-fi:||£;|. 

The special case when K is the Euclidean unit ball follows from the result by Maz'ya &: Sha- 
poshnikova ([3]). The limiting results for s — )■ 1^ and s — )• 0^ for the anisotropic s-perimeters 
are both obtained by using the Blaschke-Petkantschin Formula from integral geometry and 
results on fractional perimeters for subsets of the real line. 

An important result for Euclidean fractional s-perimeters is the fractional isoperimetric 
inequality. For a bounded Borel set E C M", 

PsiE)>^n,s\E\'^, (4) 

where l-Ej is the n-dimensional Lebesgue measure of E and ^n,s > is a constant depending 
on n and s. Using a symmetrization result by Almgren & Lieb [Ij, Frank & Seiringer [ 14j 
proved that there is equality in ([H) precisely for balls (up to sets of measure zero) . A stability 
version of dH was established by Fusco, Millot & Morini |15j . 

While it is not difficult to see that for a given origin-symmetric convex body K, there is 
an optimal constant 'jsiK) > such that 

Ps{E,K)>-fs{K)\E\^ (5) 

for every bounded Borel set E C M", the determination of the minimizers is more challenging 
and remains still open. Inequality ([5]) is the anisotropic fractional isoperimetric inequality. In 
Section H] we show that if the minimizers of the anisotropic fractional isoperimetric inequality 
([5]) converge to a bounded Borel set i?i as s — > 1~, then Ei is (up to a constant factor) the 
moment body of K. 

In the last sections, we establish analogues of the results on anisotropic fractional perime- 
ters in the setting of fractional Sobolev spaces. We prove results on the limiting behavior 
of anisotropic fractional Sobolev seminorms on BV(W^) and anisotropic fractional Sobolev 
inequalities with the sharp constants from ([5]). 



1 Preliminaries 

First, we state the Blaschke-Petkantschin Formula (cf. [33 Theorem 7.2.7]) in the case in which 
it will be used. Let H denote the /c-dimensional Hausdorff measure on M" and let AfF(n, 1) 
denote the affine Grassmannian of lines in M"". If g : R" x M" — ;■ [0, oo) is measurable, then 

g{x,y)dH^{x)dH^{y)= f [ [ g{x,y)\x - yrUH\x) dH\y)dL, (6) 

JAff(n.,l) Jl Jl 



n ./W'l 



where dL denotes integration with respect to a suitably normalized, rigid motion invariant 
Haar measure on Aff(n,l). This measure can be described in the following way. Any line 
L € Aff (n, 1) can be parameterized using one of its direction normal vectors u = u{L) € 5"""^ 
and its base point x ^ u , where u is the hyperplane orthogonal to u, as L = {x + Xu{L) : 
A G M}. Hence, for h : Aff (n, 1) — )■ [0, cxd) measurable, 

/ h{L)dL = l- [ I h{x + Lu)dH''-\x)dH''-\u), (7) 

where L„ = {An : A e M}. 

If ii^ C M" has finite perimeter, then De Giorgi's Structure Theorem (cf. [3CL, Theorem 15.9]) 
implies that the reduced boundary, d*E, of E is //""^-rectifiable. Hence Theorem 1 of 
Wieacker [37] gives the following: If E C M" has finite perimeter, then 

I \u ■ UE{x)\dH^-\x) = I H\d*E n (y + K)) dH^-\y) (8) 

d*E E\u^ 

for all u E S*"""^, where L^ is the line with direction vector u. Wieacker [37j used the right- 
hand side of dH]) to define the support function of the projection body of d*E. We remark 
that Tuo Wang ^36j has defined the projection body of the set E using the left hand side of 
dS]) and obtained the Petty projection inequality for sets of finite perimeter (generalizing a 
result of Gaoyong Zhang [38] ) . 

Let il C M" be an open bounded set and let < s < 1. We set 

-fs{K) = inf{P,(E, K) \E\-'^ ■.Ecn,\E\> 0}. (9) 

Let ci, C2 > be chosen such that ci < \\u\\k < C2 for all u € S^^^. Then 

c-("+^^P.(i?) < Ps{E,K) < cr("+^)p,(i?). 

Since the optimal constant in the Euclidean fractional s-isoperimetric inequality ^ is positive, 
we see that < 7s (-^) < oo for all origin-symmetric convex bodies K. Let Ei C 0, he Borel 
sets such that 

-fsiK)= lim Ps{Ei,K)\E^\-'^. 

It follows from [S', (4)], where the Frechet-Kolmogorov compactness criterion is used, that 
the sequence Ei is pre-compact. So, in particular, the infimum in Q is attained. Note that 



the homogeneity of Ps{-,K) impHes that 7s (i^) does not depend on the choice of the open 
bounded set Q. 

Let E C M" be a Lebesgue measurable set with \E\ < oo and K C M" an origin-symmetric 
convex body. The anisotropic isoperimetric inequahty, also called generalized Minkowski or 
Wulff inequality, states that 

P{E,K)>n\K\n\E\^ (10) 

with equality if and only if E is homothetic to K (up to a set of measure zero). If £■ is a 
convex body, the result is the classical Minkowski inequality (cf. [20l|32]). Inequality p^ 
including the equality case is due to Taylor [34 1. A quantitative version was established by 
Figalh, Maggi & Pratelh [12] . 

Visintin [35] pointed out that as a consequence of Fubini's theorem a generalized coarea 
formula for fractional perimeters can be established. If / € L^(M"), then 

/ / '{^""^ ~,fifj' dxdy = 2 r Psiif > t},K)dt (11) 

Jr" Jr" \\x — y\\K •'-oo 

(or see [2 Lemma 10]). Since Ps{E,K) = Ps{E'^,K), we also write this as 

/ / '^{^''^~ l.!:l} dxdy = 2 r Ps{{f >t},K)dt + 2 r Ps{{f <-t},K)dt. (12) 
Jm^Jr" \\x-y\\K Jo Jo 

2 Fractional Perimeters on the Real Line 

The next lemma contains the one-dimensional case of ([T|) and some estimates, which are used 
in the proof of TheoremHl Let diam(A) = sup{|x — y\ : x £ A,y £ A} denote the diameter of 
a set A. 

Lemma 1. If A cM is a bounded Borel set of finite perimeter, then 

lim (1 - s)Ps{A) = H^{d*A) (13) 

s— >-l- 

and 

{l-s)Ps(A) < 8i?°(aM)max{l,diam(A)} (14) 

for 1/2 < s < 1. 

Proof. Since A has finite perimeter, it is up to a set of measure zero the disjoint union of 
finitely many intervals lying at mutually positive distance (cf. [30, Proposition 12.13]). Also 
note that d*A is not changed by changing ^ on a set of measure zero (cf. [301 Remark 15.2]). 
Hence, w.l.o.g., A = [Jlli li, where Ij = (oj, bi). Set Jj = [bj, a^+i] for j = 1, . . . , m — 1 and 
Jo = (— oo,ai) and Jm = (femjOo). Hence 

Ps{A) = f: [ f j^^-^,dxdy. (15) 



A simple calculation shows that 

lim (1 — s) / -. TTT dxdy = 1 

for j = and j = m and 

lim (1 — s) / -. r-TT dxdy = 2 

for j = 1, . . . , m — 1. Since H^{d*A) = 2m, we obtain (fT3|) from (fTSj) . 
We have 

1 /-ai /"^m 2 



dxdy < / / dxdy 



and similarly 



' Jm ^ Ji. \ 'J 

For J = 1, . . . , m — 1, we have 



Jo 7a |a; - y|'+^ J-ooJa^ (x-y) 

2 

< max{l,diam(yl)} 

1 — s 



/ / 1 7-— r dxdy < max{l,diam(74)}. 

Jjrr,. J A F - y\ 1 - S 



Q 

< — — max{l,diam(74)}. 



Hence we obtain ()14p from (jlSp by combining these estimates. D 

A sequence of Borel sets Ei C M" converges to a Borel set E^ C M" if 1^;- —>■ 1e in L^(M"), 
where 1e denotes the indicator function of E. The following lemma is the one-dimensional 
case of [3, Lemma 7] combined with the one-dimensional case of [3l Lemma 9] by Ambrosio, 
De Philippis &: Martinazzi. 

Lemma 2. If Si —^ 1~ and Ai,A C M are bounded Borel sets, then 

liminf(l - Si)PsM^) > H\d*A) 

for Ai ^ A. 

The following lemma contains the one-dimensional case of ([3]) for set of finite perimeter 
and some estimates. It follows from ^ that the lemma also holds for bounded Borel sets of 
finite s'-perimeter for all s' G (0, 1). 



Lemma 3. If A cM is a bounded Borel set of finite perimeter, then 

lim sPs{A) = 2\A\ (16) 

and 

Ps{A) < - max{l,diam(^)} + diam(^)^ + P,/(^) (17) 

for 0<s <s' < 1/2. 

Proof. Let a = inf A and b = sup A. First, note that 

/<^ fb I I 2 

/ -. r7--—dxdy = —- r(6 — a) ^'^ < - max|l,diam(A)| 
-oo Ja \x-y\^+'< s{l-s) s 

and 

r>oo pb 



f°° f 1 2 

/ / r— — dxdy < —m.ax{l,d[am.( A)}. 

Jb Ja k-y|^+* s 

Let C = AT] (a, b). Note that 

/ / -. fr-—dxdy < diam(A)^ 

J J \x-y\^+'' 



{\x-y\>i}n{AxC) 
and 



Y^dxdy < w_,M+s' dxdy. 



\x — y|^^* J J \x — y 

{\x-y\<l}n{AxC) {\x-y\<l}n{AxC) 

Thus ([ni) holds. 

Next, we prove (J16p . Since A has finite perimeter, it is the disjoint union of finitely 
many intervals lying at mutually positive distance up to a set of measure zero (cf. [301 Propo- 
sition 12.13]). Hence, w.l.o.g., A = IJl^i-^i' where li = {ai,bi). Set Jj = [6j,aj+i] for 
j = 1, . . . ,m — 1 and Jq = (— oo, oi) and Jm = (bm, co). We have 

m m I, „ 

A simple calculation shows that 



. . \x — y\ 



lim s — — dx dy = j/j 

s^o+ Jj^ Ju F - VV^ 



for j = and j = m and 



lim s -. r-rr dxdy = \Ij\ + \Ij4-i\ 

s^o+ JjjA\x-y\'+^ '" "+ ' 



for j = 1, . . . , TTi — 1. Hence we obtain (|16p from (jlSp . D 



3 Limiting Behavior of Fractional Perimeters 

Let K C M" be an origin-symmetric convex body. 

Theorem 4. If E C M"' is a bounded Borel set of finite perimeter, then 

{l-s)Ps{E,K)^P{E,ZK) (19) 

as s — )■ 1~. 
Proof. By the Blaschke-Petkantschin formula ([6|), 

^ dxdy = [ „ ,^^„„,, / / 1 ^-j-jdH\x)dHHy)dL. 



E E'^ EnL^H) EnLE'^nL 

Let Lu = {Xu : X ^ M}. The sets E n L have ioi L = L^ + y for a.e. y ^ u^ finite perimeter 
(cf. |30l Proposition 14.5]). Hence we obtain by the Dominated Convergence Theorem, which 
can be used because of (fHj) . and by Lemma [D that 

, f f 1 , , f H^(d*Er\L) ,^ 

lim (1 — s) / / -J— dxdy = / n — "-^y. 

^->i- V ^ ||x-y||^+^ y l|n(L)||^+i 

Since d*EnL = d*{EnL) for a.e. fine L (cf. [301 Theorem 18.11 and Remark 18.13]) and by 
the definition of the measure on the affine Grassmannian, we get 



II /'^^ll"+l oil II ll"+l 

Er\Ljt<l) S"-^ E\u^ 

where L„ = {Au : A € M}. By ([8]), Fubini's Theorem and the definition of the moment body 
of iC, we conclude that 

lim(l-s)// L^dxdy = - [ f \^^^^:^^^dH^-\x)dH''-\u) 

E E<= 5"-i <9*-B 



j \\uE{x)\yKdH^-\x). 



d*E 

The last term is the anisotropic perimeter of E with respect to ZK. D 

As a consequence, we obtain the following result. Combined with Theorem H] we obtain 
Gamma-convergence of (1 — s)Ps{-, K) to P(-, Z K) as s — )• 1~. 

Corollary 5. Let Ei,E C M" be bounded Borel sets of finite perimeter. If Si — ?> 1^ and 

Ei —^ E as i ^>- oo, then 

hmmf {1- Si) Ps,iEi,K)>PiE,ZK). 



Proof. By the Blaschke-Petkantschin formula ([6]), Fatou's lemma and Lemma [21 



limmf(l-Si) / / —^^dxdy = limmf / „ ,^,,,n+s- '^^ 

E^ Ef "^ E,nL^§ 

- J ||«(L)|ir' 

where the last step is as in the proof of Theorem [H D 

The following theorem establishes the limiting behavior for anisotropic s-perimeters as 
s — 7> 0. Using the one-dimensional case of the result by Maz'ya &: Shaposhnikova [31], the 
theorem can also be derived for bounded Borel sets of finite s'-perimeters for all s' € (0, 1). 

Theorem 6. If E C M" is a bounded Borel set of finite perimeter, then 

sPs{E,K) ^n\K\\E\ 
as s — )• 0+ . 

Proof. We proceed as in the proof of Theorem HI By the Blaschke-Petkantschin formula ([6]) , 
we have 



E E'= Er\L+% EnLE'^nL 



The sets ECiL have ioi L = Lu + y for a.e. y ^ u^ finite perimeter (cf. [30", Proposition 14.5]). 
Hence we obtain by the Dominated Convergence Theorem and Lemma [3] that 



1 , , [ \Er\L\ 

-—^dxdy = 2 

' y\\K J 

E E'^ EnL^d 



^™_. ^ / / 71 fl^I+I dxdy = 2 / n . .,,„ dL. 



By the definition of the measure on the affine Grassmannian and the polar coordinate formula 
for volume, we get 



' J ¥m'' - J J ^^^^T^^^'-^i'M^'-^i'^) 

\E\ I --—-du 



Sn-1 

= "1^1 1^1- 

This concludes the proof of the theorem. D 



4 Fractional Isoperimetric Inequalities 

The next theorem shows that miniinizers of the anisotropic fractional s-isoperimetric inequal- 
ity with respect to K converge as s — )• 1~ to minimizers of the anisotropic isoperimetric 
inequality with respect to TjK. 

Theorem 7. Let E^^ C M" be bounded Borel sets such that 

and let Ei C M" be a bounded Borel set. If Si — )• 1" and Eg- -^ Ei as i ^ oo, then there 
exists c > such that Ei = cZ K up to a set of measure zero. 

Proof. If El has measure zero, the statement is true for c = 0. So, w.l.o.g., let \Ei\ = \'LK\. 
Assume that Ei is not a multiple oiZK (up to a set of measure zero). Hence, by the equality 
case of the generalized Minkowski inequality (|10p and Corollary [5l we have 

n\ZK\ < P{Ei,ZK) 

< limmfil- Si) Ps^{Es^,K) 



But 



liminf(l - s)-fs{K) \ZK\-^ . 



liminf(l-s)7,(is:)|Zi^|^^ < liminf(l - s)P,(Zi^,/i:) 



= P{ZK,ZK) 

= n\ZK\. 

This is a contradiction. Thus Ei is (up to a set of measure zero) a multiple oiZK. D 

5 Fractional Sobolev Norms 

For / G L^(]R") and < s < 1, Gagliardo [16j introduced the fractional Sobolev s-seminorm 
of / as 

\f{x)-f{y)\ 



iy=.i 



n ./IRn \X — y\ 



■ dx dy. (20) 



Extending a result by Bourgain, Brezis & Mironescu [5j from VF^'^(M") to BV(W"-), Davila [10] 
proved that for / G BV{M.'^), 

lim(l-s)|l/||H/s,i=a„lZ)/l, (21) 

where a„ is a constant depeding on n, the vector valued Radon measure Df is the weak 
gradient of / and \Df\ is the total variation of Df on R". Note that 

WfWBV = \Df\ = f ^^ d\Df\, (22) 

10 



where the vector Df/\Df\ is the Radon-Nikodym derivative of Df with respect to the total 
variation \Df\. 

An anisotropic Sobolev seminorni on BV{W^) is defined by replacing the Euclidean norm 
by an arbitrary norm in (|22p . For K an origin-symmetric convex body in M", we set 

Df 



BV,K 



\Df\ 
Define the anisotropic fractional s-seminorm as 

\f{x)-f{y)\ 



K- 



d\Df\. 



" ./IRn 



dxdy, 

x-y\\K 



where K is an origin-symmetric convex body in R". 

For functions of bounded variation, we obtain the following analogue of the result (|2ip by 
Davila. Let K C M" be an origin-symmetric convex body. 

Theorem 8. If f £ BV{W^) has compact support, then 

l/(^)-/(y)l 



1 



\--y\\T 



dxdy 



BV,ZK 



(23) 



as s ^- 1 . 

Proof. By the generalized coarea formula (llip . we have 

\f{x)-f{y)\ 



F y\\K 



dxdy 



Ps{{f>t},K)dt. 



Note that by Lemma [T] combined with the Blaschke-Petkantschin Formula ([6]) 

(1 - s)Ps{E,K) < Cn diam(A')"+^ max{l,diam(S)}P(^) 

for 1/2 < s < 1 with c„ a constant depending on n. Hence by coarea formula on 
(cf. [i Theorem 3.40]) 

/CXD /'CXD 

Ps{{f > t}, K) dt < Cn diam(i^)"+i max{l, diam(5)} / P{{f > t}) dt < oo, 
-oo J —oo 

where S is the support of /. Thus we conclude by the Dominated Convergence Theorem and 
Theorem U] that 

a-s)f f '{^""^ ~/ifj' dxdy ^ 2 Hpiif > t},ZK)dt = 2 Tpdl/I > t},ZK)dt 

JR" JR" \\X — y\\x J -oo Jo 

as s ^ 1^. By the definition of anisotropic perimeter, we have 

P({|/| > t},ZK) = f \\iy^^f^^t}{x)h*KdH^-'-\x). 

Jd*{\f\>t} 

Thus the coarea formula on BV{M.'") (cf. [5 Theorem 3.40]) implies that 

Df 



2 rP{{\f\>t},ZK)dt = 2 [ ^ ,.^d\Df\. 
Jo Jr" \^J\ z k 

Combined with the definition of the anisotropic Sobolev seminorm, this implies the statement 
of the theorem. D 



11 



6 Fractional Sobolev Inequalities 

Let K C M" be an origin-symmetric convex body and let < s < 1. 
Theorem 9. If f ^ W^'^iW^) has compact support, then 

I I If -f„'r^ .^.>27.m|/|^. (24) 

Jm.r. Jm.r. \\x-y\\£ 

There is equality in this inequality if and only if f is a constant multiple of the indicator 
function of a minimizer of (Ejj. 

Proof. If / G Ty*'^(M") has compact support, then by the generaUzed coarea formula (fT2]) we 
obtain that 

/ / '{^""^ ~lnf} dxdy = 2 r Ps{{f > t},K)dt + 2 H Ps{{f < -t},K)dt. 

jR" JK" If ~ vWk jo Jo 

Hence, by the isoperimetric inequality ([5]), a mean value inequality (cf. [23, Theorem 19]) and 
the Minkowski inequality for integrals (cf. [23, (6.13.9)]), we obtain 

/ / ^^t^'ilih -dy > 2,.iK) r{\{f>t}\^+\{f<-t}mdt 

Jr"Jr" \\x-y\\j^ Jo ^ ' 

> 27,(K) / |{|/|>t}|^dt 

JO 



= 2 7,(K) / ( / l{|^|>i|(x)(ix) " dt 

Jo ^ JM" ^ 

> 27,(K)(/ ( ri^^j^^,yix)dt)~dx 

= 27,(K)( / \f{x)\-^^dx 



This concludes the proof of the inequality. 

Equality holds in the Minkowski inequality for integrals if and only if the function of two 
variables is a product of two functions of one variable. In our case, this implies that / is a 
constant multiple of an indicator function. If / = c 1^;^, then 



/ / ^^'f-l!^^\ dxdy = 2Pi^E^.K). 
Jr" Jr" \\x-y\\j/ 



\x-y\\K 

Hence there is equality in (j24p if and only if Es is a minimizer of ([5]). D 
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